Kaplansky conjectured that if H is a finite-dimensional semisimple Hopf algebra over an algebraically closed field k of characteristic 0, then H is of Frobenius type (i.e. if V is an irreducible representation of H then dimV divides dimH) [Ka]. It was proved that the conjecture is true for H of dimension p n , p prime [MW], and that if H has a 2−dimensional representation then dimH is even [NR].
Quasitriangular Semisimple Hopf Algebras are of Frobenius Type
Throughout this paper, unless otherwise is specified, k will denote an algebraically closed field of characteristic 0.
Let (H, R) be a finite-dimensional quasitriangular Hopf algebra over k, and write R = i a i ⊗ b i . Let u = i S(b i )a i be the Drinfeld element in H (where S is the antipode of H).
Drinfeld showed [Dr1] that u is invertible and
for any x ∈ H. He also showed that ∆(u) = (u ⊗ u)(R 21 R) −1 .
If H is also semisimple then S 2 = 1 [LR] , hence u is a central element in H.
Let H be a finite-dimensional semisimple Hopf algebra over k. Then the Drinfeld double of H, D(H), is semisimple [R] and quasitriangular [Dr1] with universal R−matrix R = i h i ⊗ h * i , where {h i } and {h * i } are dual bases of H and H * respectively. It is moreover a ribbon Hopf algebra [Kas] with the Drinfeld element u, defined in (1), as the ribbon element v. In particular the special grouplike element g = uv −1 equals 1 in this case. Equivalently, the category Rep(D(H)) of finite-dimensional representations of D(H) is a semisimple ribbon (i.e. braided, rigid and balanced) category with quantum trace equal to the ordinary trace. Let Irr(D(H)) = {V i |0 ≤ i ≤ m} be the set of all the irreducible representations of D(H)
* be the ring of characters. Clearly, {χ i = tr |V i |0 ≤ i ≤ m} forms a linear basis of C(D(H)). We also let χ i * = S(χ i ) be the character of the irreducible representation
Recall that a modular category [Ki] is a semisimple ribbon category with finitely many irreducible objects {V i |0 ≤ i ≤ m} so that the matrix s = (s ij ), where
Note that s is symmetric and s i0 = s 0i = dimV i for all i. Lemma 1.1 Let H be a finite-dimensional semisimple Hopf algebra over k. Then Rep(D(H)) is a modular category.
Proof:
We only have to show that the matrix s = (s ij ), where
is an isomorphism of vector spaces), and
is an isomorphism of algebras, where Z(D(H)) is the center of D(H). Let B = {χ j * |0 ≤ j ≤ m} and C = {e j |0 ≤ j ≤ m} be bases of C(D(H)) and Z(D(H)) respectively, where C is the set of central primitive idempotents of D(H). Then it is straightforward to check that s = AD where A is the invertible matrix which represents F with respect to the bases B and C, and D = diag(dimV i ) is the invertible diagonal matrix with entries dimV i . Thus, s is invertible. Lemma 1.2 Let C be a modular category over k with irreducible objects {V i |0 ≤ i ≤ m}
Proof: It is known that i s ji s ij * = dimR for all j (see e.g. [Ki] ), hence
is an algebraic integer for all 0 ≤ i, j ≤ m. Define a map φ from Rep(C) to the algebra of functions k{i|0 ≤ i ≤ m} by
It is straightforward to check that φ is an isomorphism of algebras (see e.g. [T] ). Since multiplication by φ(V j ) has eigenvalues {
has the same eigenvalues (this statement is called "Verlinde Formula" [V] ). But, multiplication is represented by an integral matrix (N l ij ) jl where
We thus conclude that
is an algebraic integer. Since s is symmetric it follows that s ij * s 0j * is an algebraic integer too.
where F is as in the proof of Lemma 1.1. Since
is an algebraic integer too, hence an integer.
We are ready now to prove Kaplansky's conjecture for quasitriangular semisimple Hopf algebras. Theorem 1.5 Let (H, R) be a finite-dimensional quasitriangular semisimple Hopf algebra. Then H is of Frobenius type.
Proof: By [Dr1] , the map f : D(H) → H given by f (ph) = (p ⊗ 1)(R)h for all p ∈ H * and h ∈ H, is a surjection of Hopf algebras. Therefore, if V is an irreducible representation of H then it is also an irreducible representation of D(H) via pull back along f, and the result follows by Theorem 1.4. Example 1.6 The group algebra H = kG of a finite group G is quasitriangular with R = 1 ⊗ 1. In this case Theorem 1.5 is the classical theorem stating that the dimensions of the irreducible representations of a finite group divide its order. In fact, our proof of Theorem 1.5 in the case of group algebras reproduces one of the classical proofs of this well-known result.
In the following we show how Kaplansky's conjecture on prime dimensional Hopf algebras follows easily from Theorem 1.4 (compare with [Z] ). Theorem 1.7 Let H be a Hopf algebra of prime dimension p. Then H = kZ Z p is the group algebra of the cyclic group of order p.
Proof: By [NZ] , either |G(H)| = 1 or |G(H)| = p, and the same holds for H * . Suppose |G(H)| = |G(H * )| = 1. Then it is easy to show that H is semisimple (see e.g. [Z] ). But then by Theorem 1.4, if V is an irreducible representation of D(H) then either dimV = 1 or dimV = p. Since G(D(H) * ) = 1 (i.e. D(H) has only one 1−dimensional representation) and dimD(H) = p 2 , it follows that p 2 = 1 + ap 2 for some positive integer a which is absurd. Therefore, either |G(H * )| = p or |G(H)| = p, and the result follows.
Triangular Hopf algebras
By Theorem 1.5, if (H, R) is a finite-dimensional triangular (i.e. R 21 R = 1) semisimple Hopf algebra then it is of Frobenius type. In fact, we can say much more in this case. It was conjectured in [G] that the minimal sub Hopf algebra H R ⊆ H is isomorphic to a group algebra as a Hopf algebra. In the following we show that H itself is a twisted group algebra in the sense of [Dr2] ; that is, that H is isomorphic as a Hopf algebra to a group algebra with a deformed comultiplication of the standard one by an invertible counital cocycle.
Let (H, R) be a finite-dimensional semisimple triangular Hopf algebra. In this case u is a grouplike element by (2).
Lemma 2.1 u 2 = 1.
This shows that tr(u) = tr(u −1 ) in every irreducible representation of H. But u is central, so it acts as a scalar in this representation. Thus, u = u −1 .
For some purposes it is useful to assume that the Drinfeld element u acts as 1 (see e.g. [CWZ] ). Let us demonstrate that it is always possible to replace R with a new R−matrix R so that the new Drinfeld elementũ equals 1. Indeed, for any irreducible representation V of H define the parity of this representation,
It is straightforward to verify thatR = 1 2
(1 ⊗ 1 + 1 ⊗ u + u ⊗ 1 − u ⊗ u)R is a new triangular structure on H, with Drinfeld elementũ = 1.
Our main result in this section is:
Theorem 2.2 Let (H, R) be a finite-dimensional semisimple triangular Hopf algebra over k. Then there exists a finite group G, an invertible element J ∈ kG ⊗ kG which satisfies
(where ∆ 0 , ε 0 are the coproduct and the counit of the group algebra), and an algebra isomorphism φ : kG → H such that
and
That is, (H,R) and (kG, ∆, (J 21 ) −1 J) are isomorphic as triangular Hopf algebras, where
Proof: Let C be the category of finite-dimensional representations of H. This is a semisimple abelian category over k with finitely many irreducible objects, which has a structure of a rigid symmetric tensor category [DM] . Here the commutativity isomorphism in C is defined by the operator τR : V ⊗ W → W ⊗ V, where τ : V ⊗ W → W ⊗ V is the usual permutation map. Moreover, the categorical dimension [DM] of an object V ∈ C is equal to tr| V (ũ), so it equals to the ordinary dimension of V as a vector space (sinceũ = 1). In particular, all categorical dimensions are non-negative integers.
In this situation we can apply the following deep theorem of Deligne:
Theorem [De, Theorem 7 .1] Let C be a semisimple rigid symmetric tensor category over an algebraically closed field k with finitely many irreducible objects, in which categorical dimensions of objects are nonnegative integers. Then for a suitable finite group G there exists an equivalence of symmetric rigid tensor categories F :
is the category of finite dimensional k−representations of G).
So let G, F be the group and the functor corresponding to our category C. Let K : Rep(G) → V ect be the forgetful functor to the category of vector spaces. Since the functor F preserves dimensions, and the category is semisimple, the functor K • F is isomorphic (as an additive functor) to the forgetful functor L : C → V ect. We might as well assume that K • F = L as additive functors.
By a standard argument we have End(L) = H. On the other hand, the group G by definition acts on K • F as a tensor functor, which defines an algebra homomorphism φ : kG → H. It is obvious that φ is an algebra isomorphism.
The functor K •F has a tensor structure which preserves the commutativity isomorphism. This structure is given by a collection of invertible linear maps
The element J =J −1 satisfies (3) and (4) becauseJ is a tensor structure, and satisfies (5) becauseJ preserves the commutativity isomorphism.
Remark 2.3 One should distinguish between the categorical dimensions of objects, defined in any rigid braided tensor category, and their quantum dimensions, defined only in a ribbon category. In the diagrammatic language of [Kas, Ki] the quantum dimension corresponds to a loop without self-crossing, and the categorical dimension to a loop with one self-overcrossing. They may be different numbers for a particular irreducible object. For example, in the category of representations of a triangular semisimple Hopf algebra (H, R), quantum dimensions (for an appropriate ribbon structure) are ordinary dimensions (as in Section 1), while categorical dimensions are u| V dim (V ) , where u| V is the scalar by which the Drinfeld element u acts on V, i.e. 1 or −1 (as in Section 2).
Remark 2.4 As seen from Remark 2.3, if u = 1, then the category of representations of (H, R) is equivalent to the category of representations of some group as a rigid tensor category but not as a symmetric category. This was the reason for passing from R toR. It is easy to see that as a symmetric rigid tensor category, the category of representations of (H, R) is equivalent to the category of representations of G on super-vector spaces, such that u acts by 1 on the even part and as −1 on the odd part. For example, if H = kZ Z 2 with central primitive idempotents a and b, and R = a ⊗ a + b ⊗ a + a ⊗ b − b ⊗ b, then the category of representations is just the category of super-vector spaces.
